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The subject of this paper is the investigation into the prob-
lem of producing the projections best possible as to deformation
values (with or without limitations on properties).

The problem of producing optimal projections comprises a nume-
ber of theoretlical and practical tasks:

I) Evaeluation of the quality of projections, the eatablish-
ment of criteria of optimal projection, '

2) B8olving theoretical items on the presence of the optimal
withhin the outlined sense projection, on the necessary sufficient
criteria of presence, giving the possibility to orientate search
for optimal projections,

3) Creation of methods, giving the possibility to operate the
properties of projections,

4) Production of optimal projections for the maps of a given
territory, . -

In accordance with the set aim, these questions of evalua-
tion of the gquality of projection have been analysed; a mathe-
matical model, giving the possibility to operate the main proper- .
tles of projections, has been created; the theorem of the pre-

~sence of the optimal projection according to the value of defor-

mations on a given territory has been provedj; necuau& crite~
ria of its presence have been detormined; concrete varisnts of
projections for the maps of the USSR have been produced.

II, The methodology of the system investigatlon has been made:
use of, its main prineipal items being: I) A precise formu-
lation of the aims af the functioning of a system. 2) The princ’
iple of necessary diversity, taking into account all the elements
sufficient for the system from the stand point of the aims of its
functioning, 3) Choice or construction of criteria of the eva- :
luation of quality and eriteria of optimization corresponding
to the aims of the functioning of a system. 4) The principle
of freedom of choice of solutions under given limitdtions,

5) Using specific system methods, such as method of models for
regulating and designing a system. :

The whole set of projections of a glven verritory of the
Barth's surface on to the plane is looked upon by the present
author as an object, everything needed to be lmown of it aimed
at producing the optimal projection being looked upon as a sys=-
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tem. The properties of cartographic projectioms are the elements
of a gystem. The spurrounding medium appears to be everything that
influencea the requirements to the mathematical base and the pro-
perties of projections i.e. the designation of maps, the peculia~
rities of their content, the technology of their creating, using,
sige, shape, character of territoxy, which is being mapped.

The state of a mystem, 1ts quality are determined by the pro-
perties of projections. Any fixed state represents a certain pro-
jection,

Hence, the system under study is an abastract, conceptual and
dynamic one. It's motable for its comlexity, integrity and pro- #
per arrangement, presence of aims of functioning, caused by the
problem of producing optimal projections on definite territories.

IIX. The properties connected with deformatlions and the kind
of lines of cartographic grid should be refferred to the proper-
ties of projedtions more epmential from the point of view of the
aimg of the functioning of a aystem.

Every requirement to the projestion but a few may be represen-
ted by the above mentioned properties of importance. In evalua-
ting the deformations the author suggests to differentiate the
following properties: the velue of deformations, the character
of deformations, the pecullarity of deformation changes and the
peculiarity of deformation distribution over a cartographic ter-
ritoxy under mapping,

The values of deformation are characterized by 3 levels of
owiterias 1) deformations at & point in a given dirsction; 2) de~
formations et a point, 3) deformations within the limits of the _
territory under mapping. it

The criteria of values of deformations of arny level may be
simple, determining the deformatlion of a certain kind (length,
angles ox areas) or complex, characterizing the deformations of :
warious kinde. o

Optimization sccording to pimple criteris, for instance, ac- ,
cording to the deformation of area leads to trivial solutions,
i.e. to projections free from corresponding deformation. Howe-
ver, prectice puts forward requirements to projections, stimu- |
lating the optimizetion according to several criteria., It is
guggested in this paper to eveluate the value of deformations
by means of complex criterla.
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Let's take a vector fa{p—l w1} y for which the defor-

mations of area p-~i end forms w-1=(@/8)—1 , where o-i,8-I-

are extremal deformaiions of length - are its projections. It

ls suggested to take the length of this vector .

ﬁzV{ P-1)* + (Ww=1)* - 1/
for the complex characteristic of deformation at a point. Va-

riational or minimax criteria, whose cores constitute the cri-
terion ‘p i.e. :

E =5[FdF ' 12/
E.= (8- ) =max ap, K%Y,

where EsP = the greatest and the least valuea of P, may’
be taken as criteria of deformations within the 11m1t¢ of car-
tographic territory F .,

Criteria /1/,/2/,/3/ may be generaliud, introducing weighte
into the coordinates of a vector: ={& (p-n; L. w-n)}.

The criteria suggested are woll - younded, effective and
of real sense. They generalise the applied criteria I1,2,3
don't violate the existing traditions of the eveluation oru:go
Jectlona; as in ocase of conformal projection - they lead to the
value of area deformatiom, in oase of equivalent ones they cau-
se the deformation of gshape. They are applioaple to the evalu-
ation of deformatione of any projection,

The character of deformationg is a property, up to nowadays
determined by intuition, without any quantitative evaluation,

Investigations showed that the character of deformations may
be determined as the correlation of deformationa of various
kinds. The value of anglo of , composed of vector Pof any pro-
Jection with vector X of conformal projection may be introdu-
ced as the measure of the character of deformation.

Really, vectors of conformal K ={ p-1, 0} and equivalent
€={0,w~1} projections are orthogonel (K-€=0), independent and
constitute basis. Angle O , for which

coso(--—-.:-%'i » slnot= --!—,—L tgoc = 2’:,’:
gives the possibility to classify projections according vo thiu
criterion,

The character of deformations and, as well as the value of

coamplex deformation are generalized local charac'terialf.na. which
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change while transgreseing from point to point but still remai-
ning independent of direction. The conformal, equivalent and
equidistant projectiona are of pemanaht character of deforma-
tions equal to O ,T/2 and T1/4 raapactively. Besides, there is
an infinite set of projections with pemanentYaofomatian, the
latter verying in value.

If, for exemple, the equation of deformations £ =p(pA)is un-
derstood as e certain surface over the territory being mapped,

then the type of this surface, its "relief", the shape of its lines

. of equal deformation; the distribution of points and lines
“of -extremal values of the deformation (central points and lines)
and other structural lineg of the surface of deformation charac-
terize the peculiarity of the change in the def@rmatiom.

The peculiarity of distribution of deformations in any pro-
Jeotion is determined by detalled rediptribution of deformations
over the territory ¥ undex mapping and may be expressed by wsomie
. input data, e.g. by glving velues for deformations at the
central point or on the central line, on the boundary line or
on any other curve, as well as disposition of the gtandard lines

- free from deformations along them.

The kind of & cartographic grid is characterigzed by the type-
of ite lines, their mutual disposition, curvature and particula-
rities of repregentetion of poles.

The curvature of lines at & point or the mean curvature are
upually evaluated vipually or celculated by means of foxmulas,
if necessary. To produce optimal projections we have proposed %o
express the curvature of the lines of cartographic grids via con=-
vergence of meridians ) and deviation of the _a_ngle between me=
ridians end perallels £ from the right angle

K. == __é:?;. K= _b’__"_"_ﬁ_:\
M mM ’ n 2 !

whero K, , K,~ the curvatures of meridiang snd parallels in the
projection, respectively; wi, n. - the scales of length along me~
ridians and perallels; M,z - the radii of curvature of meridi-
ane and parallels of the Earth's surface;. &y ¥, , €a =~ deno-
tations of corregponding derivatives.

The type of lines may also be cheracterized by curvatures if
‘the lines ure straight, then K=0 , in case of circles K =
const. etce

Mutual dispoeition of lines of the cartographic grid can be
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determined by denotorfﬁthe angle & between meridians and paral-
lels or its deviation from the right angle & .

Hence, cheracteristics ¥ and £ or K. and K, deter-
mine first and foremost the kind of the cartographic grid, mean-
while the characteristice ¢, of , am well as the “"input data®,
gymboligzed as A , influence the deformations 1A the projet-
tions. The principal syestem of characdteristics, suggested by the
present writer, includes: the value of camplex deformation @
the character of the deformation ©( , . convergence of—-eppronima-
#iem) of the meridiens ¥ , deviation of the angle between me-
ridiens and parallels from the right angle & and the "input da-
ta" A ,closely related to the territory F undexr mapping.
Other characteristics are consldered to be auxiliary and comple-
mentary %o the principal set of characteristics, which thay are
expressed through.

Paking into account only the values of deformations, we take
minimax criterion /3/ fox -the criterion of optimization.

IV, One of the methods of operating and designing any system
ie that of models. The suthor thinks there are foud types of
models to produce projections: a) models of the perspective of
the Earth's surface on %0 a plane, cylinder, come; b) direct
snalytioal models, determining firat and foremost the kind of -
the cartographic grid on the whole; o) inverse analytical models,
determining the relatlonship of local cheracteristice of projec-
tione; d) graphic models as drafts of cexrtographic gride.

Each type of models operates its own method of producing pro-
jectiong. It ig better to use an inverse analitical model to
operate local properties. We have worked out a structural and
a local mathematicel model, based on the above mentioned prin-
cipal set of characteristics. (scheme I, formulas 6, T

The structural model of the mystem of cartographic projecti-
ong is an indicated one, of zero type. It reflects the presence
of elements, their interconnoctions and disaggregation of the
system into subsystemsand levels by adding one of the main pro-
perties of projections at each level. Every level and its sub-
syetems may by regarded as independent gystems.

The atructural model thus created is mot a classification
scheme, but represents one of the possible "technological" sche-

mes to produce any projection by means of a proposed locsl ma-
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thematioal model with principal characteristics P Y E, A,

The mathematical model (6, 7) is an incomplete system of
equations of coordinates and two differential quasilinear Eu-
ler:. ~Ummaev equations in partial derivatives with four func-
tions p,ol,¥, £ without "input data", i.e. initial or bounda-
Iy curve and two functiond along this curve. The redundant fun~
ctions in this model i.e. the two characteristics of properties
of the projections are considered by the authoxr as regulating
ones and the absence of “input data" ie offered to be seen as
an additional opportunity to operate the properties of projec-
tions, Thus, when operating the properties of projections with
the help of this model we have five degreea of freedom.

The investigations into the models show that optimization
with the help of the E, criterion is possible at every level,
in every subsystem by establishing the type of redundant func-
tions and "input data", )

The common solutions of optimization problems correspond to
the optimization at the fourth level and partially at the third
one. For example, the P.L. Chebyshev problem on.the hest confor-
mal projection for a given area corresponds to the optimization
in the "a" gystem of the third level ( £=0, o = © ); the
A.As Matkov problem on the best cone projection for the terri-
tory between two parallels corresponds to the optimigation in
the,, d "aystem of the third level (¥= KA+8, £ =o Do

The higher is the level, the greater the number of degrees
of freedom, the more complex is optimization, and it is posaibée

© only under limiting conditionas, created by determining cer-
tain charascteristics. These characteristics should be coordi-
nated with the main objective of the functioning of the asystem.
It is necessary to analyse their influence on the values of de-
formations and other properties of projections.

V. Using the model in question, we have analyged the influence

of the characteristics o(,¥, € Aon the value of deformations
and other properties of projections. The prineipal results of
this investigation are as follows:

I. The conformal (=0)and equivalent (¢=7/2)projections have
the sane value for criterion E,within the boundaries of the de-

fined territory, other conditions being equal.

2. The value of criterion E,will be less, if o(>7(other con-

O
ditions being equal).

3+ The change but the character of deformations may result
in emaller variations of £ » compared with changes of "input da-
ta" and ¥ . For ingtance, an E, criterion comparison of equidisg~-
tent («=%/4) , conical and oblique cylindrical projecilons
(Ey2 5% ) with the N.L. Chebyshev conformal projection (E,~ 7%)
for the USSR maps reveals thae advantege of equidistant projec-
tions.

4. The Euler. -Urmaev type smystem ( 7) related with "input da-
ta" arrangement is dependent on the cheracteristice o, ¥, &+ In
cade of orthogonsl projections the type of this system depends
chiefly on ol , i.e., if ®<Wi/sthe eysten is of elliptical type,
while under ol »%/4 it is hyperbolic.

5 In case of conformal projections («(=0) the Euler —Ur-
maev sgystem turns into a linear one, for which the Dirichlet
problem is solved in the presence of any geometrical ashipe of

. the territory that is homecmorphic to a circle. Under of <F/4 the

aystem will be a quasilinear one, for which even in case of a
convex contour of the territory, the Dirichlet problem im not
always soluble. Even thie only thing prevents us from thinking,
that within a given territory the best projections for the va-
lue of deformations, which are described by a quasilinear gystem
of elliptical type, will be those, possessing a constant bounda-
ry deformation [ 3]. ‘

6. Among orthogonal equivalent projections (£=0,0(=Tif2)only di-
rect azimuthal ones possess closed circular lines of equal defox-
mation § . No other orthogonal equivalent projections, posses=
sing circular end oval lines of equal deformations © , exist.

7. The set of orthogonal projections (€=0), for which .ol =
oL(\P), ¥=¥(A) has rectilinear meridians. The least complex
deformations in this set have conical, cylindrical and azimuthal

- projections (¥=KA+8) |,

The orthogonal projections, for which ¥=¥(p)s ¢ summarize
Korkin-Grave projections and possees considerable complex valu-
es of deformationg. :

8. The presence of the best projection is perceived usuvally
by intuition. IV le shown, that the presence of the best projec-
tion, posseesing minimal E, in the closed bounded territory in
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the class of twice continuously differentiable functions, is :l.’ol-
lowed out of the Welerstrags theorem: any continuous function
given on a compaoct set reaches ite sup. and inf.

Actually, all the functions @, ot ¥, £ of models (6, 7) are
twice continuously differentiable (according to the conditions
of greated model) Function

E,(,¥, €)= 9 («,%E,F)— @ («,7,€,F) g
may be interpreted as produced‘gu‘t of ¢ by means of fixing va-
lues W, A€ F . Consequently E, will be a continuous function
of o, ¥, € . In consequence of boundedness ofal,¥, £ (Tisa<%, 0<¥<2% 05&<i)
in the limited closed terxrritory ¥ the domain of their values, i.e.
the domain of given data of the function E, will be closed,
founded, : i.e. compactum. Thus, the function E, , determining
the projections, is continuous on the compactum and according
to the Weierstrass theorem assumes the least value on it, i.e.

min max A Q .
o7, € F
9. The necessary conditions of the presence of the besi 'pro-

jection (in the senge of minimum of the greatest variation of
complex deformation @ within the limits of the given F ter-
rotory) are the arrangement of the central points or lines of
complex deformation { in the middle part of the territory un-
der mapping, meanwhile the extremal values of @ are to be on
the boundary and in the centre. These necessary premises are
weak, but they orientate for projections search, best in the
sense of minimal value of E, [2]

VI. Thege investigations permited to outline the following
methods ,0f producing the best projections:

I. ‘the aifvy which the projection is created for,is being
clearly fonmulated.

2, With this viéw the following set of requirements on the-
projeotions is heing astabl:.ahed.

3+ The requirements arab?omahzed and represented in cha-
racteristice of the properties of projectionse.

4, In accordance with the aim of the functioning of the
ayestem the optimization criterion, the guiding perameters and
limitations are being established. The limitations are repre-
sented by such values of some characteristice and "input da-
ta", under which necessary conditions of the preseice of the

<
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optimal projections are being realiged.

5. The mathematical model of projection %o the demribed aim
is either being aeleobod or croeated.

6. The problem ig biina mathematically formulated.

T+ The projection is being determined direcily by means of
the selected model or with the help of mmccessive approximation.

8. Analysis of agreement of a produced projection with requi-
rements to 1t end comparigon with actusl verients is being ful-
filled.

VII. The suggueted methods were applied to produce & set of
projections for the USSR territory.maps; (and other regions).

The best distinguished by minimglity of E, is an equidis~
tant coric projection, with complex deformations being equal
at the extreme parallels. In case of necessity to be drawn on
the map of pole the besti projection will be that of oblique, t
equidisteant, of a cylindrical type.

To perve special tasks of conformal projections ere recom-
mended that by N.L. Chebyshev snd a conformal conicsl one. Of
the projections with emall values of deformations of engles a
conical projection with oo==/5° ig recommended, mesnwhile of the
projections with emall defoxmations of areas & conical projec-
tion with ol=75° ig recommended. The polyconic projection with
a changing character of deformation and with central point in
the middle part of the territory of the USSR is of interest.
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